
 

MTH265LectureNotesWeek3Monday
RemarksontheIntegralTest theAlternatingseriesTest andAbsoluteconvergence
Theorem1 TheIntegralTestforSeries IT simplified

letfixbeafunctionthatispositivecontinuous anddecreasingonIN 8 forsomeN e220
Then

Effin convergesifandonlyif L Ingf f x ax converges

Thechangehappenshere Insteadofcheckinghim
bfAdx

wesimplyfindthelimitoftheindefiniteintegraloffix
ThisisallowedsinceFNwillalwaysbedefinedforfixabove

Counterexample1.1ThefunctionfixneedstobepositiveoverIN07
Letfix sintax Let1 8sinaxdx IMf cosCtx to tinycost I
ObservethatLdiverges
HoweverthereisnoNe I suchthatfx ispositiveonTND

sinceforanyKEZ FL t 2k sinit 2214 sin1 I 21k sinCE l
TheIntegralTestcannotbeapplied

DespiteLdiverging Ifsintin Iolo O converges

Counterexample1,2Thefunctionf x needstobedecreasingover ND
Letf x sin Tx Thenfix ispositiveandcontinuousforallXEIRwithX 0
L Ying sinGtx Izdx himEX Lysin2x DAE

HoweverIff n 24Sinan f If02 f Ifheconvergesasapserieswithp2
Observethatf x isnotdecreasingonIN a foranyNe2
f x 21TsinTXcosax C253
ForanyK

E I f lEt2k 21Tsin312114cos34241 21sin37cos II T i
TheIntegralTestcannotbeapplied

Counterexample1.3Thefunctionfx needstobecontinuousoverIND
letfix x 2252 ObservethatfixhasaverticalasymptoteatX 3
4

s
fAax pliftI x252ax plifef x35 D 1 1 fixdx D

However

ftp.zpconvergesbythelimitcomparisonTestwithftp.i
Butfix x352iscontinuouspositiveanddecreasingon52,07
TheIntegralTestcanbeusedonIntfn Then L flax pityf x35 2 2



Definition2 Alternatingseries
AseriesEganBanalternatingseriesifforsomesequence bn bn20 andan cDnbnforalln no
RemarkByreindexing I 1MbnBalsoanalternatingseries

Theorem3 TheAlternatingSeriesTestCAST
LetEtatD bnbeanalternatingseries

Ifall3conditionsaresatisfied
bn 0forall n no i.eallbnarepositive
bn2braforalln no i.e bnisdecreasing and
limnNbn 0

thenftp.tD bn converges

Example3.1 Int cDnIntiscalledthealternatingharmonicseries
letbn nt Then bnispositiveforalln l

Forn a1 o c n c ntl and I bn bntforallne1
Iimman 0

BytheAlternatingSeriesTestthealternatingharmonicseriesconverges

Example3,2 Letbn nen Showthat2nFDMbnconverges
Forna1 bnispositive
Letfix Xex Then f lx XexCD a x é f Xt1 Forx 22 f lx isnegative
fix isdecreasingonT2N bn fln isadecreasingsequence
Imafix find limpet 0 Thentinybn 0

BytheAlternatingSeriesTest IntcDnen converges

Example3,3 Letbn andconsiderITcDnInn
Fornz1 bnispositive
Wewanttoshowthatbat sbnforalln 1
Forn ban entitleinitiation antiqEnt bni
Wecanshowlimnonbn 0usingthesqueezeTheorem
Forn o ebn Mitt fifth e a lifts scont ti
Therefore

alimo107 0 Ehimsbn
E dinant 0 s Imab 0

BytheAlternatingseriesTest Int converges



Example3,4 Letbn et andconsiderEpCD bn ÉcDntpet
Forn z1 bnispositive
WTSthatbn ebnforalln 3 We'lllookatatailseriesinstead

bra III YEH I IDet bn since ex2.718
Retaliate shining594Ight91427 91271342 an22 I
Then

osent 947 emitting ton 5

BythesqueezeTheorem pimp0 0 a himet tinybn himnip 0 i himby0

BytheAlternatingSeriesTestÉcDenconverges
Proposition4 LetIanbesomeseries Ifhimlan1 to thenhiman to

ThisisusefulwhensharingaseriesdivergesusingtheDivergenceTest
NotethatthisdoesnotinvolvethenegationoftheAlternatingseriestest

Example4,1 Showthat2nFCD cosntdiverges
Sincehimcosnt cos107 1 to pityconcosh 0

BytheDivergenceTest In9C1 cosn diverges

Example4,2 FindallpersuchthatECMIp converges

Consider2cases Case1 AssumepEOThenhimhp 0andhimCDmIpto
IntcDMntdivergeshytheDivergencetest

Case2 Assumep 0 Letbn np
bnispositiveforalln21
Letf x XP Then f lx LpXP andf x isnegativeonC D
Sincef x isdecreasingonT D bnmustalsobedecreasingi

Himppt 0 sincep o

BytheAlternatingSeriesTest IntCDMntpconverges



Example4,2 Letbn MeandconsiderECD by Écon ng
similartoExample3.3 bn MIMI Miff MII zmy bn 0
Sincebn isincreasingandpositive Mybn 0 andhimcDntbn 0

BytheDivergenceTest ÉMy diverges

Theorem5 AlternatingSeriesEstimationTheoremASET
lets IftDnbnbeaseriesidentifiedtobeconvergenthytheAlternatingSeriesTest
letSn IflD bnbethenthpartialsumof Then IRnI 5 SnI Ebnt i
RemarkByreindexingthisalsoappliestoZEnoEDbn

Example5,1 FindthesumoftheseriesÉ41 correctto3decimalplaces
Letbn hi Then Obnispositiveforalln201

Foralln 0 O n C nti Then bnhi I bn i
Sincelimnsn D limnsH 0

BytheAlternatingSeriesTestIntocMntconverges
UsingAst itsufficestofindNsuchthatbut 21103
Equivalently findNsuchthat Ntl 211037 2000

BybruteforceForN 5 IN1 61 720
ForN 6 Nti 7 5040 2000

Weneedatleast6terms

UsingacalculatorÉ II 944 0632

Example512 Determineaboundontheerrorof54141 0.7986relativeto5 ÉEt
Letbn ta Itcanbeshownthatbnispositiveanddecreasingforallnetandhim're 01
ThenASETappliesand I141 5 541Ebat 152 0.04
ThatisthetruevalueofS isin 84 0.04 840.04 0.8386 0.7586 i



Definition6 AseriesIan isabsolutelyconvergentif I 1antconverges
Aseries Ian isconditionallyconvergentif Ian convergesbut IlanIdiverges

Proposition7 IfaseriesIan isabsolutelyconvergentthenIan isconvergent
Furthermore aseriesIancanbeonlyoneofthethree inabsolutelyconvergent

conditionallyconvergent or
G divergent

EXAMPLE71 ThealternatingharmonicseriesIntcDnit isconditionallyconvergent

conditionallyconvergent if ocps lAMPLE7.2 FromExample412 tD Ir is fiftyemergent I
Theorem8 LetIanbesomeseriesandletIbnbesomerearrangementorregroupingofIan

If Ian isabsolutelyconvergentthen I bnisabsolutelyconvergentwithIbn Zan

EXAMPLE8,1 Determineif 5 É I convergesandif itdoes finditssum

ITng convergesbythelimitComparisonTestwithE i

Sincelensing pinta f na1 ITng isabsolutelyconvergent
Thereforewecanregroupthetermsandthesumwillnotchange

Letan hints

Bypartialfractiondecomposition ning Is 3 t nj
I An 3 Bn ifA 3 B t ifD0 A 3

letfn 3 f Then An f n fin3
ObservethatbygropingtheantithtotheKent67thtermsweget

É an flanti HH flan2 ft flan137 flare
Ant flan 7 t ft flan87 f flan9
flanD tfcant2 flan37 flant7 flant8 flan9

letgn flanD tf ant2 tflent3 andletbn aunt t aunta gn gntD
Then Ian Itbn ITgin gone himgo gnti glo to fatforfer

eThisisatelescopingsum 31 2 3 11withpartialsumPn glo gintD


